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Abstract

l'he vt'r'tical flux of horizontal momentum bv three-dimensional rnountain r.vaves is examined using a

linear theolr'. .\nalr-tic solutions fbr trvo cliffert:nt wirrd <lirections ar{r olrtairxrl using nurnerical Fourit:r

analvsis. Although the mountain exanrincd in this rrote is a fair lv tq-o-r l i rnensiorral one. ther resrr l ts shos'

that. at t l rc tropopause lcvc1. thc rrromentum f lux greatlv decreases to I l4-I l : l  of i ts near-srrrface vtr luc

even o\'('r thc <t:rrtct arca of the rnourrtain u'herr the mean wind crosses the morrntain at '15 degrees. It it

also suggcstcd thart the decrease of thc rrrorrcnturn flux observerl in IOP-ll of PYREX is cirusccl bv both

the f irr i te le.ngth of the Pyrenees moLlntains aircl  the slant attac:k anqle of the rnean r. incl.

1.  Int roduct ion

Irr this uote. the vertical f lux ofhorizontal rnornen-
tunr lrv linear gravit)' waves ovur three-dirnensional
nlourrtains ivi l l  be calculated to clarifv the effects of
the n'inrl r l ircction and of the finite length of thc
rrrorrrrtains on tl ie \.ertical profi le of the flux.

In a prt 'r ' iorls paper (Satomura and Bongcirult,
199,1: lrcrcaftcr SB9.1). the rnountain \raves obscn.cd
in tl lc trvo lee-s'ave events during the PYREX pro-
grarri (Bor.rgearrlt cf al.. 1990. 1993) u.ere sinurlated
bv a trvo-dirrrcrrsiorral non-h)'drostatic nrodcl. Ther
model usecl in SB9-1 simulated rvell thc rvarclelgth.
the amplitricle arrd thc position of ther observecl
lee u'aves. and tllev inclicated that the lee u'ar-t s
observed in the thirrl intensive observatiorr pcriorl
(IOP-3) lvere excite(l lrv non-linear u''ave-wave iu-
teractions of long i lrollntailr \\:aves. In spite of thcst-
agrccrncnts, thc vertical clistribution of t l ic nromcn-
tum flux b-v tire simulatr:rl rrountain riaves did not
agree with the observation: t lre sirrmlated fhx u'as
almost constant through tlie troposphere. u'hereas
the obserrvation show'ecl rapirl dccrcase of lhe abso-
iute r.alues.

linder the stationarv and trvo-dirnensiorral con-
ciitiorrs. the r.ertical flux of irorizorrtal rnomenlull
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bv srnall arnplitude gravitv waves rrnrst bc constarrt
iri inr.iscitl fluicis u,ithout a critical lervel (Eliassern

anrl Palrn. 1960). Since the Lrng anrl verticalh'-
proptrg:rt,ing mountairi \\,ave (callecl a principal \\.ave
in S139,1) clicl not produce strong trrrbulencc irr IOP-ll
<luring the PYR.EX bv the simulation (neither bv olr
scrvation). the above results of SB9.1 u-ere consist,enl
u'ith that non-acceleration tireorem. On the other
hancl, t l ie three-clirnensional t irnerciependent model
of Rearr (1992) and Borrgeauk e,t o,l. ( i993) simrr-
lated tire momentlulr flrrx u'c11. Consiclcring abovc
results. it rvas srrggeste.d in SB94 that a reason gir-
ing rise to the clisagreenent abor-rt thc rrrorncrrtturi
f lr ix is the tlrree-rl iniensionalitv of the enr.ironmeutzrl
f ielc1 srrch as thc rrrountain shape and the directiorr
of tlrt: rnearr ."r,ind in tlie real atmosphere.

\lorrntain waves over three-dinrensional ell iptical
nrorrnta,ins have been exarnincd bv scveral stuclics.
Il lunien and Dietze (1981. 19E2) solved mount:rin-
$.ave equations over multiple elliptical mountains
in a shear flou, and calcr-rlated the momentum flux.
Smith (1989) showccl a cliagrarn of crit ical rnountairr
height for stagnation as a function of liorizontal as-
pect ratio using the linear theorv. His cliagrarn indi-
cates that mountains of high aspect ratio (> 5) act
as a two-dimensional u'a11. Using a hvdrostatic nu-
merical rnodel. Stein (1992) examined non-linear ef-
fects on critical mountain hcight for stagrration and
confirmed the diagram of Smith (1989).
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Fig. 1. Hodograph of the horizontal wind at
0600 UTC 15 October 1990 at Zarag;ozo.
Spairr. The angle 0" indicates that the
wind crossr:s the Pyrenees mountain at
right angles from Spain to France side.
Numbers labelled on the dotted lirre
sho'w.the height in km.

According to the diagram of Smith (1989). the
Py'renees are fairly two-dimensional mourrtains be-
cause the P1'renees haye high aspect ratio of about
5 or more: the scale of the Pyrenees is about
350 kmx70 km at 1000 m height contour (see Fig.
1b in SB94 for exarnple). This expectation is con-
tradictory to the suggestion in SB94. Abovc studies,
however. examined mountain rn'aves under thc con-
dition that the mean u.ind approaches the rnountain
at right angles. which rarely occurs in the real at-
mosphere.

In IOP-3, indeed, the air flowed over the Pyre-
nees at other than right angles in the most part
of the troposphere. as shown in Fig. 1. This rn'ind
hodograph at an upstream-side obserr,ation station.
Zaragoza. Spain. reveals the fact that the air ap-
proached the P1'renees at an angle of - -30 degrees
(nearI1'south-westerly) except at 4-5.5 km height.
In particular. the attack angle was nearlv -45 de-
grees at 2 km heiglrt u'here the peaks ofthe Pvrenees
mountains stick out. Though the mountain in'aves in
a slant mean u.ind will have intermediate character-
istics between the cases u'here the wind crosses the
mountain at the attack angle of 0o and of tg0',
quantitative discussions of such waves have not yet
been made.

Therefore, in this note. attention n'ill be given
to cases rn'here the uniform mean wind approaches
the mountain aslant. Also. a cause of the observed
decrease of the momentum flux will be siver

2. Basic equations

Consider the stead,v flou'' of a verticall). half-
unbounded, stratified Boussinesq fluid. over small-
amplitude topography z : h(r,9). The perturba-
tions to the verticallv uniforni background u,'ind,
pressure and potential temperature fields are de-

2 0 0  - 2 0 0

Fig. 2. Bird's-e1'e vierv of thc bottom topog-
raphf q'ith a - b : 20 and I : 100.

scribed bv the linearized equations:
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u,'here (U. I,/.0) and (.rL' ,u' . t l ') are the constant mean
wind velocitl-and the perturbation v"' ind velocity in
the (r. y. z) direction, respectively: cp is the spe-
cific heat for constant pressure; d' is the pertur-
batiori potential temperature: @00 and dOsf dz are
the reference potentiai temperature and the back-
ground vertical potential temperature glraclient. re-
spectivelr ': tr '  : (plpoiRlc:, - II is the petrt 'rbatio'
Exner furrction. in rvhich p is the pressure. ps6 is thc
reference pressure, fi is the dry gas constant and

^  d n  / .  0 u \
r ' r O n o . 1  - : - g l l -  l .

u '  '  ) o n )

Introducing scale parameters of the velocity' anrl
the time as L'6 and 1/N. respectively. variables are
norr-dimensionalized as:

( r , y . z ) :  ( t . y . z ) / ; I ,

\ t - . V .  r r '  . , ' '  .  u J  )  :  ( {  .  Y .  , .  i ' .  i r ' ) U s .

where

n r z _ �  9  d O
r Y  -  

o r r E '

is the square of the buoyancy frequenc.v- ancl

|  _ '' " -  
u n

is the Scorer parameter of the uniform atrnosphere.
The equat ions (2.1)- (2.5)  can be reduced to a

single non-dimensionalized equation for the vertical
velocity:
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Fig. 3. Perturbation vert ical velocity d'at 2 :0.4 x 2n for (a) a - 0, and (b) a - r l4. Sol id and

dashed lines indicate positive and negative values. respectivell'. The contour interval is (a) 20 ̂  10 l

and (b) 30 x 10 a. The v"'hite arrows indicate mean u'ind directions. The mountain is located at the

center of the domain
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( kL r  +M)2  w  " .  -  ( x2  +12 )  { ( kL I  +  l v  )2  -  1  } ,  :  0 ,  ( 2 .6 )

rvhere the subscript z indicates .z-derivati.".e ancl lve
assunie the perturbations to be represented as a dou-
ble Fourier integral

/ '  r + '
r i ' ( r ,  y ,  . )  :  |  |  " ( k ,1 .  z l e i ( k ' + t i l  dkd l .

J J -

With 1v*2 taken as constant and the linearized lower
boundary condition

u ( k . 1 . 0 )  :  i ( A U  +  / Y ) h ( k , l ) ,  ( 2  7 )

the solution to (2.6) is ivritten in physical space as:

L i ( r . y . z ) :
r f + ' x
|  |  i (ku + tv  )h lk . l )e i " rz  e i (kx+Lo) dkr t t .  (2 .8)

rvhere

, - 2  t k 2 + l 2 ) \ I - I A L I - l v l 2 l  , ? e \
( . k t '  +  I V  ) 2

For rn2 < 0 the positive irnaginary root of (2.9)
must be chosen to eliminate the non-physical gror,vth
of the disturbance aniplitude with height, and for
m2 > 0 the sign of m must be chosen to be the
same as the sign of (kU * lV) in order to satisfl.
the radiation condition aloft (see Smith. 1980, for
l r : 0 )

To examine the effects of thc three-dimensionality
of a nearly tn'o-dimensional mountain range, a
" t  able-s l rap, 'd"  r rounta in

i 1
l )  -  -"  

1 +  \ r l o ) '
(  /  ' \ )  f  .  /  u - . / \ l
I  I  r  t n , ' ] '  (  ! J - : )  ! l r + t n n n (  )  t ,
|  \  b  / )  l .  \  h  / )

a .

( 2 . 1 0 )

is considered. rn'here ther non-dimensional parame-

ters are o, : b : 20 arrd d : 100. Tliese pararn-

eters give a long sierrcicr nrountairi range as showrt
in Fig. 2. Applf ing the Score parameter observed irr
the rniddle troposphere during the IOP-3 of PYRtrX
(-0.6 kni-1r SB94), this mountain has half widths
of 30 km in the crossing-rnountain direction and
150 krn in the along-mortntain clirection. These va1-
ues are equivalent to the Pvrenees mountains. and
it is expected to behar.e like a two-dimensional wall
because of its high aspect ratio.

\\rlien the wind crosses the mountain at right an-
gles. mountain u'aves generated by the above table-
shaped mountain show the best two-dimensionaliti,'.
However, it rarelv occurs in the real atmosphere.
During the IOP-3 of PYREX also. the wind ap-
proached the Pyrenees mountains aslant as shown
in Fig. 1. Therefore we will examine two cases of

.a'1
'Y*_ I='-l
\ l'-.*g J

-o-
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rvhcre -L1 is thc dorriain lerrgth irr t lxr .r:-t l i l t ' t  t ion.
ale calculated at y - 0 (at the center of the rlorur-
ta in) ,  20.40,  60,  80 arrd 100 (at  the shouklcr  of  t i r i r
rnountain) for cr : 0 arr: shon'n in Fig. .1. Sirrce
the non-dirnensiorral liciglrt 1.0 x 2r crirresporrcls
-10 kni appll-ing ls -0.6 krn-1 obserl 'ed in IOP-3
of PYR.EX (5894), Fig. -1 arid tbllowirrg correspond-
ing figures shorn' veltical variation of .1-f; tirrcngh
thc troposphere . It is sho"vn in Fig. -1 that l1-y tle-
creases only' 5 -20 '/c near the celrter ol lire nroun-
tain (l ir ie rrurriber rr- 0 - 2). Sirrcc tirc' rrrornen-
turn flux of steaclr'- two-dirnensional liuear rrrouritairr
u'aves must be constant in the r.ertical direc't iorr. this
snrilll change of l1-1 irrclicates that our ttrblc rrroun
tain has nearly tu'o-dimensional characterristic's rrear
the center if n : 0. In the ofl'-cerrter area. lrt.rut:r,er'.
,11,a decreases to about .10 % (rr:3) even in tirrs ctise.

Tlre morrreriturrr flux ,/ifu urhen o : tr 14 is slior'vn
in Fig. 5. In this case. r 'f/-a at the top of the dorrrain
is as srnall as 1/rl - f 13 of its l'alue al the iou'est
alt itude rrear the center of the rnountairr (rr- 0. +1
and t2) rvhere the \vaves are rreariv two-clinrelsir.rrral
if n - 0. l-urther. l/-a is not syrnrnetric u'ith u - 0.
Leaving torvard the upstrearn direction (l.e. ,! < {))
fiorn the center ol the rnountain. the alrsolute r-:rlr.re
il1.rI terncls to clecre:rser (Fig. 5a). In contriLst. it

tends to increase on the other side of the rnorurtairr
(i > 0) as shor'vn in Fig. irb arrd to be nearl1' r't.rr-
starrt in the vertical. Thc irrcreasc of ,\1;r tori'arrl
thc dou-nstrcarn directiorr is rnost 1ikel1, causerl ll-
gravity \vaves gencratecl upstrc.arn side of thc rrrorru-
tain surnmecl up in tlie clorvnstrearn area.

4. Discussion

Tl'no I'eatures are obvious frorri the results. Irirstlr'.
the miignitr.rde of thc urorrrcritlrilr flux at tlie top of
tlre dcrniain is about I14 - 113 of the i iear surfac'e
valLre over the center of the table-shapeci nlountfuri
u' ' lrerr a :7i14. This clecrease of the flrrx is rrearlr-
tire sarne as that over a circular bell-shripetl rnoun-
tain. Onc nrar'. holvcver. notice that the irrtcglatiorr
l ine in , l fu  (1.e. . : r -ax is)  is  r rot  para l le l  to  the rv i rx l
direction ancl suppose ttiis r'",ould cairse the rerhrc-
tion of ,\fu. To clarit.r '  t ir is lroint. t lrt '  h,rrizontal
distributiorr of uu' at . i : 0.8 r 2;i is shorvrr irr Fig.
6. Bccause the monienturl f lux -11.y is t ire l ine inte-
gration ol 'ldr. it rvil1 rernain large at this height er.err
if the integration line is not parallel to the u'ind di-
rec t i on  vnhen  a  -  0  (F ig .6a ) .  When  n : ; r / 1  (F ig .
6b). horvever. the flrrx wil l be srnall near the cenier
of the rnountain cveu if integration line is parallel to
the ',vind directiorr. Indered, the results of the line in-
tegration reveal that the rnonrerrturn flux dtrr:reases
at thc top of the domain to about 80 % of the near
surface lalue ifn : 0 arrd the integration line crosses
tlre rvind at an angle of r 14. but the urornenturn flux
decreases to about 30 % oI tlie near surface value if
a : r14 and the integration l inc is parallel to the
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Fig. 4. \rertical profile of the norr-clirnen-
sionai vertical nrornenturrr flux ,\1-1 at
y  -  0  ( l i n e  n u r n b e r  n : 0 ) . 2 0  ( n :  i ) .
4 0  ( n : 2 ) . 6 0  ( n  -  3 ) , 8 0  ( n : 4 )  a n d
100 (n - 5) for o : 0. The ordinate is
the non-dirncnsional height divided by'
2 r .

attack angles of the u,ind: o : tan t (VlU): 0 arrd
i i  14.

In the fbllowing secrtions, anall'tical solutions are
obtained using a fast Fourier transforrl (FFT) al-
gorithrn in the horizontal direrctiorrs at spercified
heiglrts. Tiris implies the liorizontally perioclic na-
ture in a square clomain. The sides of the clornain in
tiris studv are 1024 x 102-1 in the rion-dirncnsional
rurits clivicled bv 256 grids for the discretc FFT.
The effects of c1'clic sidc boundarv conditrons on
the nronienturn flux are rregligible bccause the so-
lutions do not change practicallr. irr a rvide dornain
of 2048 x 20-18 sides.

3. Results

As shou,'n in Fig. 3a, the gravitv r'".aves over the
table-shaped mountain for a - 0 are not rnuch
cliffererit frorrr those over a circular mountairr (er.
Srnith. 1980). On the other hancl, r 'herr n : Tl4
(Fig. 3b). u.e notice \\aves are geni:rated over two
distinctir-e areas: thc iower-ieft corner of the rnouri-
tain lr'hich is the leading up-slope lbr this u.inri di-
rection. and the uppcr-right corlrer wliicli is the firral
dorvn-slope. The wave-train is less reurarkable than
that for ci : 0.

!'ertical profiles of the non-diniensional rrrornen-
turn flux.

r L x  l 2

l
J  - r *  1 z

I
I
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.t/r(y. 2) : i1n, : irEdi. (3 1)
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Fig. 6. Sarne as Fig. 3, except for the correlation

u'ind (rrot shorn'n). Therefbre. the non-parallel inte-
gration line of r'f/; is rrot the cause of the redr-rction
of ,411 l. but the shift of the maximum of -0ur to
the dor.nstrearn direction along the rnourrtairi causes
this reduction.

One may further notice that the width of the
mountain iri the cross-strearn dircctiorr decreases to
sin a and may suppose that this causes the reduction
of Iily when n : Tl4. This possibilitv is also de-

(b)

t  i i  a t  2 :0.8 x 2r .  The contour  in terval  is  5 x  10-{ .

nied bv calculations with a defbrnied rnountain (the
extent is shortened by'sin(r/4) aud the half-n'idth is
elongated br' 1/ sin(r/4)) and n - 0, because llf.ai
at the top of the dornain differs onh' a small arnount

O5 %) from that at the bottom (rrot sliown).
Therefbre. '"ve corrclucle that both the finite length

of the mouritairr arid the slarrt attack angle of the
nrean lr,ind (. I 0) rnainlv cause of the decrease
of the niomenturn flux. On the other hand. the di-

&
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rection of the line of flux integration plavs a minor
role on it. Consequently, these results suggest the
observecl reduction of the momentum flux (to about
ll3 of that irr lower alt itude) in IOP-3 (Bougeault
et al.. 1993: SB94) was mainly caused by both the
finitc lengtli of the Pyrenees mountain and the slant
attack angle of the mean u,'ind.

The second featurc is that even for tlie gravitv
waves generated by fairlv two-dirnensional rrioun-
tains as the Pyrenees one should not use the lirie
averaged flux .4ft as an indicator of the deposition
of wave momentum. The important quantitl,' for the
momenturn budget is. as i,r,eil known. the momentum
flux averaged in a liorizontal area.

Vol. 74. No. 1

the decrease of momentum flux observed in IOP-3 of
PYRtrX was rnairrly.caused lty both the finite length
of the Pyrenees mountains and the 5161f 6f 1661' r n olo

of the mean wind.
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( r  1 )

where S : Lx x try is a horizontal plane of the
donrain and Iy is the <iornain length in the g-
direction. Not the line-averaged momentum flux
,lfg bLlt this area-averaged flux ,tfs is constant for
stationarv three-diniensional rnountain wa."'es in a
unilbrm flou'2 because the non-acceleration theorem
(Eliassen and Palm. 1960) holds for ,41s. Therefore.
the vertical variations of the line-a.,'eragecl momen-
tum flux ,l,fs shown in Fig. 5 do not indicate the
overall liorizontal rnornenturn change.

This point is evident rvhen tlic mountain shape
is highly three-dinensional (circular bell-shaped
rnountain, for exarriple). Nevertheless, it is note-
rvorth-v- that ,[fr greatlv decreases over tire fairly
two-dirnensional rnountains of large horizontal as-
pect ratio (> 5) if the wind does not cross the rnoun-
tain at the right angles. This happens frequentlv irr
the real atrnosphere. In field experiments, the mo-
menturn flux in the uppcr air is observed b-v- aircraft
which is a fundarnentalll' line-averaged rnomentunr
flux. Therefore. one must pay great attention to
using the observed rnolnentum flux profile to esti-
mating the wliole effects of the mountainous area
on the atmospliere.

5. Conclusions

The vertical flux of horizontal momentum by
gravity waves over a table-shaped mountailt was
computed using linear equations. The rnairr result
is that the momentum flux at the top of the do-
main (-lg km height) is about I l4 - 1/3 of the
rrear surface value when the wind crosses the rnoun-
tain with the angle of rl4. The flux also shows the
strong asynimetry respect to the center of the moun-
tain in this case. Further. it was suggested that

xrs = f l"^aoar.

\\'e also confirmed that ,,\,19 is constant in our calculatron.
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